Abstract: In this work we are interested to discrete robust fuzzy sliding mode control. The discrete SISO nonlinear uncertain system is presented by the TakgiSugeno type fuzzy model state. We recall the principle of the sliding mode control theory then we combine the fuzzy systems with the sliding mode control technique to compute at each sampling time the control law. The control law comports two terms: equivalent control law and switching control law which has a high frequency. The uncertainty is replaced by its upper bound. Inverted pendulum and mass spring dumper are used to check performance of the proposed fuzzy robust sliding mode control scheme.
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2 Problem Statement and Fuzzy Systems
Problem Statement
Consider a class of discrete nonlinear SISO systems described by the following equations:
where, C=[1, 0, ..., 0], X (k) = x 1 (k) . . . x n (k) T ∈ R n it is the state vector that is assumed to be observable. We note that f (X (k)) and g(X(k)) represent two discrete bounded nonlinear functions of the nonlinear SISO systems . They can be obtained from the continuous form by the first order discretized system using Eulers approximation. In order for (1) to be controllable, it is required that g(X(k)) =0. If both functions f (X(k)) and g(X(k)) in (1) are available for feedback, the feedback linearization control can be used to design a well-defined controller, which is usually given in the form:
where, the state vector X (k)and the desired state vector X d (k) are defined as:
E (k) represents the state tracking error, it is defined as: E (k) = X (k) − X d (k), the vector K (k) = k n k n−1 . . k 1 T ∈ R n will be chosen such that all roots of the following polynomial h (s) = s n +k 1 s n−1 +...+k n are situated inside the unit complex disc. In general case, the functions f (X(k)) and g(X(k)) are badly known nonlinear functions so, the control law (2) cannot be implanted. To overcome this difficulty, many approaches are used such as adaptive control, linearization around operating points, fuzzy control. . . etc.
Discrete Takagi-Sugeno type Fuzzy Systems
The advantage of the T-S type fuzzy models is that their description permits the utilization of the state representation, and by consequence to exploit the maximum of the potential relative to this representation. The Takagi-Sugeno (T-S) type fuzzy model can be viewed as a natural expansion of piecewise linear partition for nonlinear systems. The nonlinear system is represented as a collection of the fuzzy IF-THEN rules, where each rule describes the local dynamics by a linear system model. The general fuzzy model is achieved by fuzzy amalgamation of the linear systems models [ 
where µ i j are the fuzzy sets, A di ∈ R nxn and B di ∈ R nxm are recpectively the i th state matrix and the input matrix, c is the number of the IF-THEN fuzzy rules; u(k) is the input vector, Z (k) = Z 1 (k) . . . Z n (k) are the premise variables they represent some measurable system variables, they can be chosen as a state variables. For each rule R i is attributed a weight w i (z(k)) which depends on the grade of the membership function of the premise variables z j (k) in fuzzy sets µ i j :
where, µ i j (Z j (k)) is the grade of the membership function of Z j (k) to the fuzzy set µ i j . The discrete Takagi-Sugeno type fuzzy model is inferred as follows:
The normalized weight is defined as which is presented as follow:
The output of the discrete Takagi-Sugeno type fuzzy model for the uncertain nonlinear systems can be inferred as:
where
It is required that all B di (k) are different from zero to assure the controllability of (5).
Sliding mode control law and reaching conditions
Sliding mode control, first appeared in the Soviet literature, it has been widely recognized as a potential approach to uncertain dynamical non-linear systems that are subject to external disturbances and parameter variations [12] .
In sliding mode control (SMC), the control action forces the system trajectories to cross a manifold of the state space which is called the sliding surface designated by the designers [12] . The system trajectories are then constrained to the sliding surface for all subsequent time via the use of high speed switching controls. The most significant advantage of the sliding mode is robustness against changes in system parameters or disturbances. The major disadvantage associated to the sliding mode control is the chattering phenomena, because it can excite undesirable high frequency dynamics.
The sliding mode control comports three modes, namely, the reaching mode (RM), sliding mode (SM), and steady-state mode (SS).
Let us describe the discrete sliding mode control however, only a few researches are interested by discrete-time systems. A discrete version of SMC has a big importance when the implementation of the control is realized by numerical components which need a sampling period to compute the appropriate controller. It must be pointed out that the discrete version of SMC cannot be obtained from their continuous counterpart by means of simple equivalence. Among the first which are interested by SMC problem and used an equivalent form of the continuous reaching condition to give a discrete reaching condition are Dote and Hoft [5] .
[
Milosavljevic [6] recommended the concept of the quasi-sliding mode and signalled hat condition (6) is not sufficient for a discrete sliding mode control.
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Sarpturk, et al. [7] , used the following reaching condition.
Furuta [8] used the equivalent form of a Lyapunov-type of continuous reaching condition to give the discrete version.
Weibing Gao et al. [9] pointed out that all these forms of reaching conditions are incomplete for a satisfactory characterization of a discrete-time sliding mode. He suggests that the state trajectory of a discrete sliding mode control system must have some attributes which form the basis of the discrete sliding mode control, for more information see [9] :
Discrete fuzzy sliding mode control law
For a discrete SMC the following reaching law has been chosen:
The sliding surface is defined as:
, 1] such that all the roots of the following polynomial are situated in the left-half open complex plane:
The sliding Mode control comports two terms which are:equivalent control term and switching control term [3] [5] [7] [12] .
The equivalent control law
In the first part we assume that :
The switching function is defined as: S (k) = G T X (k) The ideal quasi sliding mode satisfies:
The equivalent control term is given by:
We assume that condition is hold:
The switching control law
From the reaching law we can write:
If we compare the two latest equations we deduct the global control law:
From equations and we obtain the switching control term:
Robust fuzzy sliding mode Control law
Consider the discrete system in the perturbed condition. It will be described by the T-S type fuzzy model . Where ∆A di represents system parameters variation and ∆B di is the external disturbance for each sub-model. We assume the matching conditions are satisfied:
where, A di is a row vector and B di is a scalar . They should be written as:
Then the equation (5) becomes:
However, the global control law will be expressed as:
In general case and are unknown, but their upper bound are known, so the last global control law can not be implemented. However, to over com this difficulty we replace respectively the unknown terms and by the following expressions:
We define a new set of perturbations and control parameters as follow:.
The choice of S ig and F ig is done to ensure that the sign of the incremental S(k) is opposite to the sign of S(k).
The global control law will be expressed as:
Tracking robust fuzzy sliding mode Control law
The tracking problem will be transformed into the stability problem. Indeed,S (k) = 0 represents an equation whose unique stationary solution is . The tracking problem of the desired vectorX d comes back to locate inside the quasi-sliding band width the sliding surface for all sampling time. The sliding surface will be expressed as:
The control law will be expressed as:
Illustration
To illustrate the performance of the presented approach, we choose inverted pendulum and Mass spring damper which are widely used in the control literature of nonlinear system.
Inverted pendulum
The equations of system in continuous form are given by (20) [18] : where, x 1 is the angle in radian of the pendulum from the vertical axis; x 2 is the angular velocity in rad/s; g is the gravity acceleration; m and 2l are respectively the mass and the length of the pendulum; M is the mass of the cart and u is the force applied to the cart. The nominal values of the parameters are: g= 9.81m/s2, m = 2 kg, M = 8 kg, 2l =1m.
The membership functions for x i ∈ ]−π/2, π/2[are:
The state matrices and input vectors for sub-systems are:
We have been chosen: q = 70; T = 0.01; ε = 0.1;
The figure 1 presents the simulation results of the behavior of variable state x 1 (k)and S(k) of inverted pendulum for nominal system. The initial conditions are given by:X (0) = [π/3; 0]. We present by the figures2, 3, 4, 5, 6 and 7 the simulation results of the behavior of the state variables x 1 (k), x 2 (k), the position and velocity error e 1 (k) and e 2 (k), the sliding surface and the control law respectively of the inverted pendulum with parameters vary of an uncertain way in time.The initial conditions are given by:
The function sign is replaced by the well known sat function which is defined as: 
Mass spring damper
The Mass-spring-damper system is described in continuous time by the following equation [17] :
TheT-S fuzzy model is discribe by the following rules:
For nominal values of M 1 , c 2 , c 3 and c 4 , matrices A i and B i are given by: We present by the figures 8and 9 the simulation results of the behavior of the state variables x 1 (k), x 2 (k), of the mass spring damper with parameters vary of an uncertain way in time.
We present by the figures 10, 11, 12 and 13 the simulation results of the behavior of the position and velocity error e 1 (k) and e 2 (k), the sliding surface and the control law respectively of the mass spring damper with parameters vary of an uncertain way in time. 
Conclusions
In this paper we present a robust fuzzy sliding mode controller for discrete nonlinear systems. First, we recall the discrete Takagi-Sugeno type fuzzy model, then the principe of the sliding mode control in discrete time. The uncertainty are assumed to be verifie the matching conditions. We develop a robust controller based on the sliding mode and the dynamic T-S fuzzy state model. The uncertainties are replaced bye the bigger eigen-value of the upper bound matrices of uncertainties. The expressions in discrete time of both equivalent control term and hitting term are developed. The tracking control law is developed. Simulation results for inverted pendulum and mass spring damper with parameters variation show the performance of the proposed control law.
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